Résumé. 2014 Introduction. -Nematic liquid crystals are ordered fluids made of elongated molecules spontaneously aligned but without any macroscopic ordering in positions. In a non-uniform flow, the local orientation is coupled with the velocity gradients and peculiarities of. this coupling lead to flow instabilities which are quite unique and have no counter-part in isotropic liquids [1, 2] . Recently much attention has been paid to the simplest case which is achieved in a shear flow when the orientation is perpendicular to the shear plane [1] [2] [3] [4] [5] [6] [7] . Linearized théories developed so far [3] [4] [5] [6] have given a satisfactory understanding of the insta-
que la bifurcation est continue : la distorsion croit comme la racine carrée de l'écart au seuil en accord quantitatif avec les expériences sur le MBBA. En ce qui concerne l'effet des fluctuations thermodynamiques, il n'apparait important que dans un voisinage extrêmement étroit du seuil d'instabilité.
Abstract. 2014 In nematics, the simple shear flow may become unstable when the director is perpendicular to the shear plane. Here we study the non-linear regime above the threshold of the Homogeneous Instability [1] . We use a perturbative approach derived from exact equations within the framework of the Frank-Ericksen- Leslie Introduction. -Nematic liquid crystals are ordered fluids made of elongated molecules spontaneously aligned but without any macroscopic ordering in positions. In a non-uniform flow, the local orientation is coupled with the velocity gradients and peculiarities of. this coupling lead to flow instabilities which are quite unique and have no counter-part in isotropic liquids [1, 2] . Recently much attention has been paid to the simplest case which is achieved in a shear flow when the orientation is perpendicular to the shear plane [1] [2] [3] [4] [5] [6] [7] . Linearized théories developed so far [3] [4] [5] [6] have given a satisfactory understanding of the instability characteristics at threshold. However, many experimental results concem the non-linear regime above the threshold [2, 8] . The main purpose of this paper is to give a first quantitative account of this nonlinear regime. This will be the content of section 3 but, we shall first give a general preview of the paper ( § 2) recalling instability mechanisms and discussing briefly the special features of the non-linearities involved. An outline presentation of the Landau approach to hydrodynamic bifurcations [9] and the analogy with phase transitions [12] which derives from it, will also be given in section 2 and will serve as an introduction to the qualitative analysis of fluctuation effects developed in section 4. The essential results of the linearized theory are summarized in two appendices.
The first one is devoted to the standard normal mode analysis [13] , the second one to a novel variational determination of the instability threshold.
1. General survey. -Let us begin with a short description of the anisotropic flow properties of nematics [14] and point out the instability mechanism which stems from them. The mean orientation being labelled by a unit vector n called the director, one can distinguish three flow geometries according to the position of n relative to the shear plane [15] (Fig. 1). i) In the two first geometries, the director n lies in the plane of the shear which exerts a viscous torque on the molecules. This torque tends to make the orientation rotate and must be balanced by elastic torques [16] and/or by field induced torques when external fields are applied). This balance adds two novel equations to the usual set of hydrodynamic equations.
ii) On the contrary when n is perpendicular to the shear plane (geometry (3) [1, 3] (Fig. 3c) figure 2 and thus can take place only when a3 is negative. A second instability mode is possible which corresponds to a distortion periodic in the direction of the unperturbed orientation [2] . It is associated with a secondary flow in form of rolls aligned paràllel to the flow direction; a detailed understanding of the instability mechanism must treat the coupling between orientation and flow in a more complete way as above. However, taking into account back-flow effects leads to a mere renormalization of viscosity coefficients a2 and a3 [3] leaving the basic mechanism unchanged (which explains that the roll instability can exist even when OE3 is positive if the corresponding renormalized value remains negative). The [18, 14] [3, 5] and show that the instability must be stationary [3] . The result of the normal mode analysis [13] [9, [20] [21] [22] which is restricted to finite but small disturbances. [22] . To our knowledge, only the case of electrohydrodynamic instabilities [23] has been examined in nematics ('). Moreover the study has been performed either using an approximate model [24, 25] or on the basis of exact equations suitably simplified [26, 27] [11, 12] . The main step is the derivation of a generalized thermodynamic potential [31] ; the procedure is roughly the following : i) Following Landau and Lifshitz [11] hydrodynamic equations are trarisformed into stochastic equations containing a fluctuating force, the intensity of which is given by the Fluctuation-Dissipation theorem.
ii) Linearized hydrodynamic equations are transformed into linear Langevin equations for the ampli- (2) Let us also mention the Freedericks transition, an orientational instability for which the effect of non-linearities and fluctuations have been thoroughly studied close to the transition point [50] .
tude of normal-modes, which allows for a classical treatment of fluctuations far enough from the threshold [32] .
iii) with 'These equations express the dynamical equilibrium of the director. It may be checked that they vanish identically when cp = 0 = 0 everywhere (undistorted configuration) and in presence of a distortion they correspond to the cancellation of the total torque (elastic + viscous) exerted on the molecules in a local referential linked to n(x', y', z') with x' along n and y' parallel to the (x, y) plane. [39] . These existence conditions will serve to determine the value of the unknown parameters sn in the expansion (2.6).
ALGEBRAIC PROPERTIES OF THE LINEARIZED
SYSTEM. -The first order problem is linear and homogeneous. Its solution [3, 5] obtained by a normal mode analysis [13] is given in appendix A. Here let us rather tum to its algebraic properties [39] . Under This property which allows the derivation of a variational solution for the threshold problem (see appendix B) will be used here to obtain the existence conditions required for the inhomogeneous higher order problem to have a solution. Indeed, 'lJ 1 being the solution of the linearized problem consider the scalar product 'lJ 1 1 Y,, &#x3E; where :F n is the r.h.s. of the nthorder system (2. 10b). Using (2 .13), one gets :
i.e. Yn must be orthogonal to the first order solution vi. This necessary condition is also sufficient [39] and leads to the determination of sn-1 in the expansion for s -S. once (Sn-2, 'BJ n-1) are known, the condition being fulfilled, one [2] have measured the rotation angle 0 of the conoscopic image (Fig. 5) [3] ). Moreover the variational method of appendix B shows that the approximate profile :
is very close to the actual one (Ref. [3] , Fig. 8a ) and that 8e may be identified with 8 (Eq. (A . 4a) ). Now for the present problem, it can be shown [40] a) At the centre of the cell (z -0) ç and 9 increase with s ; 9 tends towards x/2 while 0 tends towards the Leslie value OL [18] given by tg 8L = a3/a2. This limiting orientation 0 = OL, ç = n/2 is expected to be stable at high shearing rates. Indeed Pikin [41] has shown that the flow was stable against fluctuations keeping the director in the yOz plane. which is positive when ç x/2, negative in the opposite case but always tends to restore the initial orientation ç n/2, so that the flow stabilizes the orientation.
b) Close to the plates (z -± ) we expect to find boundary layers [18] [32] using the Landau-Lifshitz theory of hydrodynamic fluctuations [11] . Their work has been extended by Graham [31] who has taken non-linearities into account. Here we rather follow the phenomenological approach of Normand et al. [22] and simply complement equation ( (where 03A9 is the volume over which relevant fluctuations take place ; as it will be justified further we must take here 03A9 = Sh where S is the surface of the experimental cell). Notice that (3.5) is implicitly assumed to be valid even far from equilibrium (s ¥= 0) and close to the instability threshold, and that y is regular at threshold. This is the equivalent of the Van Hove assumption in the theory of critical phenomenal [43] . Of course the direct calculation of y using the linearized theory cannot introduce critical singularities since it ignores fluctuation effects. The usual justification for the regular character of y is that it corresponds to friction processes at a microscopic scale which are not affected by the destabilizing mechanism which works on a length scale of the order of h (see also Refs. [12, 36] ).
Each term of the Langevin equation being evaluated one tums to the Fokker-Planck equation [33] for the probability S of having a particular value 8 at time t :
The time independent equilibrium probability density is readily obtained :
Recalling the relation (3. 5) [22] or [36] for the Rayleigh-Bénard case). Here we shall avoid the calculation, the form (3. 0) must then be considered as a plausible guess rather than an exact result. For simplicity we assume moreover : Then 03C8(x, y) reads : which has exactly the form of the Landau free energy density for a continuous bidimensional (spatial dimension d = 2 (3)) magnetic system with an Ising-like (n = 1 ) order parameter [30, 34] .
The third spatial dimension always disappears from such problems. This is due to the fact that one is interested only in the unstable mode which is coherent over the whole thickness h of the cell. Indeed the mathematical procedure which leads to eq. (3.3) involves the calculation of a scalar product which makes one spatial coordinate disappear through a quadrature and leaves a (d = 2)-problem. ii) 'JI in units of kT : 'JI = F.A:r; and iii) 8 (a more exact numerical approach has been given by Smith [46] referring explicitly to the Rayleigh-Bénard instability in isotropic liquids studied by Graham [31] [38] up to third order instead of using simplified models [25, 26] . As 1) and to the presence of the term 6 d related to the na dz peculiar structure of the viscous stress tensor. In order to recover a self-adjoint problem we shall simply neglect these two sources of difficulties but this may be justified [3] . Then, using boundary conditions and the scalar product already defined by (2.12), we reobtain the self-adjointness property (2.13).
As an immediate consequence, one can derive the stationary character of the instability [23] . Let us consider the vector'1J solution of £(u) V = 0 and the scalar product ( '1J 1 I C(Q) '1J &#x3E; which reads where £ denotes the a-independent part of £(u) and is also self-adjoint (see sect. 2). Since 6 must be real and the instability be stationary. Then the threshold corresponds to Re { u 1 = 6 = 0. Now the condition gives us a variational formulation of the threshold problem [22] . We (A. 6) as it should be. However, the small différence between the exact and approximate value is a strong indication of the general adequacy of the simplified distortion profile (B.5) . This is no longer the case in presence of a high magnetic field. Here we get instead of k2 '" m which is the exact result [6] . The ap roximate value is much higher than the actual one (/~ 1.237 for MBBA) and (B. 5) should be complemented to get a better estimate as one easily understands when considering figure 8 of reference [3] which displays the exact profiles.
